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Further Development of the k–³ (Enstrophy)
Turbulence Closure Model

D. F. Robinson¤ and H. A. Hassan†

North Carolina State University, Raleigh, North Carolina 27695-7910

The k–³ model is extended to the study of two-dimensional and three-dimensional separated external � ows
where Morkovin’s hypothesis is expected to hold. The resulting model is free of damping and wall functions and
is coordinate independent. Further, all modeled correlations are tensorially consistent and Galilean invariant.
Applications include a variety of separated � ows over airfoils and a cylinder/offset � are juncture. Comparisons
are made with other turbulence models and experiment. In general, good agreement with experiment is indicated.
The results demonstrate that it is possible to develop a two-equation turbulence model that is capable of predicting
separated � ows without sacri� cing performance for free shear layers.

Introduction

D IFFICULTIES encountered in the calculation of turbulent
shear � ows can be traced to the high turbulent Reynolds num-

bers hypotheses,where the large scales are unaffectedby the � uid’s
viscosityand where the small scales are unaffectedby the mean � ow
or the large scales. Thus, traditional two-equation models, such as
the k–" and k–! models and a variety of stress models, cannot pre-
dict all growth rates of free shear � ows using one set of model con-
stants and boundary conditions.1 Additional problems are encoun-
tered when one considers � ows in the presence of adverse pressure
gradientsand � ow separation,especially shock-inducedseparation.

Morse2 pointed out that some of the problems were a result of
an inadequate dissipation rate equation. In spite of this, the thrust
of research in the last 20 years has been devoted to stress models
or second-order closure. This strategy proved to be unsatisfactory
for free and wall-bounded shear � ows. This is to be expected; if
the dissipation rate equation is incorrect, then a stress model cannot
yield correct answers irrespectiveof the level of sophisticationused
in modeling the pressure–strain term.

The � ne-scale correlations that appear in the dissipation rate
equation are the ones that describe the detailed mechanism of
the dissipation process and, thus, control the behavior near turbu-
lent/nonturbulentinterfaces.Thus, if we hopeto accuratelycalculate
skin friction,heat transfer,and growth rates of free shear layers, then
the � ne-scale correlations must be modeled and included in mod-
eled equations.This was the primarymotivationfor Robinson et al.3

to undertake the development of the k–³ model.
In general, and depending on the nature of the � ow under con-

sideration, there are different mathematically consistent ways of
expressing a correlation. As an illustration, for low-speed constant
pressure � ows, correlations can be expressed in terms of velocity
gradients k and ³ and their derivatives. Compressible � ows intro-
duce two thermodynamic variables, and their in� uence must be re-
� ected in evaluating correlations. Thus, modeling a correlation for
complex � ows is a tedious and time-consuming undertaking.

The k–³ model was used in the study of free and wall-bounded
shear � ows for both low- and high-speed � ows.3– 7 In general, the
predictions of the model were as good or better than k–" or k–!
models. This is especially true for free shear � ows and separated
� ows. Many improvements in the basic k–" and k–! models have
been made.1 However, none of these improvements resulted in a
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model thatwas capableof predictingadversepressuregradient� ows
without sacri� cing performance of free shear layers. These results
clearly illustrate the importanceof usinga more accuratedissipation
rate equation.

Various forms of the k–³ model were used in various conference
papers4– 7 that dealt with two-dimensional � ows. The goal of this
work is to present the � nal version of the model and to demonstrate
it for two- and three-dimensionalseparated � ows. As will be seen,
the model is free of damping and wall functions and is coordinate
invariant.Further,all modeledcorrelationsare tensoriallyconsistent
and Galilean invariant.

Problem Formulation
The exactFavre-averagedcompressibleturbulencekineticenergy

and enstrophy equations can be written as
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and ½ is the density, ¹ is the viscosity, ui is the velocity, P is the
pressure, and " is the rate of turbulent energy dissipation. Also, ±i j

and"i j k are theKroneckerdeltaandpermutationtensor,respectively.
The low-speed equations were modeled in Ref. 3, which ad-

dressed low-speed free shear layers where the pressure is constant.
Modi� cationspresentedhereaddress thecontributionsof compress-
ibility and pressure gradients. The modi� cation is such that, if the
effects of compressibilityand pressure gradient are negligible, then
one recovers the equation of Ref. 3.

Compressible � ows require for their description a velocity � eld
and two thermodynamic variables. Because of this, the � uctuations
of these thermodynamic variables are as important as those of ve-
locity in describing turbulent � ows at high Mach numbers. There-
fore, an appropriate compressible turbulent � ow model of the two-
equationvarietyshouldincludesix equationsthatdescribevariances
of velocity, density, and temperature together with their respective
dissipation rates. A simpli� cation of this approach can be achieved
by invoking Morkovin’s hypothesis.8 According to this hypothesis,
the pressureand total temperature T0 � uctuationsare small for non-
hypersonicboundary layers with conventionalrates of heat transfer,
i.e.,

p0=P ¿ 1; T 0
0=T0 ¿ 1 .4/

As a result,

.½ 0=½/ ’ ¡.T 0=T / ’ .° ¡ 1/M2.u0=u/ .5/

Based on this, equationsgoverningvariancesof the thermodynamic
variable can be taken as the equations governing the turbulence
kinetic energy.However, equationsgoverningtheir dissipationrates
may be different from equations governing " or ³ .

Modeling Issues
Modi� cation of the k Equation

The dissipation rate in Eq. (1) is de� ned as1
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Equation (6) assumes that correlations between velocity gradient
and kinematicviscosity � uctuationsare negligible.The secondterm
in Eq. (6), i.e., 2º.@=@xi /[ ], is either neglected or added to the
diffusion term. The latter choice is made here.

The term 4
3 º½.u00

i;i /
2 is modeled as

c1 N½k

¿½

.7/

where c1 is a model constant and ¿½ is a timescale. Because the
correlationunder considerationis zero when the density is constant,
¿½ is taken as
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where ck is a model constant and ºt is the eddy viscosity

ºt D c¹k2
¯

º³; c¹ D 0:09 .10/

Modi� cations of the ³ Equation
There are a number of compressibility terms in the ³ equation.

The only term retained is N½!00
i s 00

i j Äi , which is a production term
resulting from dilatational effects. The term is modeled as

C³ 1.¹t =k/.³ =¿½/Ä; Ä2 D Äi Äi .11/

where C³ 1 is a model constant.

The next modi� cation addressesnear-wall behavior.The dissipa-
tion term in the ³ equation was modeled in Ref. 3 as
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To accommodate the requirement that turbulence timescale k=º³
cannot be less than Kolmogorov’s timescale, the dissipation term
was modi� ed to

¯5³
3
2

Rk C ±
.13/

where ± is chosen equal to 0.1. Another modi� cation pertains to the
value of ¾R that results from modeling the term u 00

i !00
i . The constant

was selected in Ref. 3 based on considerations relevant to the log-
law region. This is inappropriate. It is shown in Ref. 7 that the
term ½u 00

i !00
i .@Äi=@x j /, which is neglected in traditional turbulence

models, plays a major role in eliminating damping functions. In
particular,a value of ¾r of 0.07 makes it possible to remove f¹ from
the de� nition of an eddy viscosity.

The need for introducing explicit dependence on the pressure
gradient in the ³ equation was discussed in Ref. 6. The term used
in Ref. 6 has the effect of increasing ³ and, thus, reducing eddy
viscosity throughout the � ow� eld irrespective of whether the pres-
sure gradient is favorable. The term used in Ref. 7 affected only
the adverse pressure gradient region; however, it was not Galilean
invariant. In the present work, the term is taken as max.P³ ; 0:0/,
where

P³ D .½kÄ=º NP¾P /
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D NP
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where ¾P and ¾½ are model constants.In the applicationsconsidered
so far, P was calculated from the equation of state of a perfect gas.
For liquids, where the static pressure may be determined only to
within an arbitrary constant, P may be replaced by N½a2 , where a is
the speed of sound. Because

1
N½a2

DP

Dt
’ M2 dV

ds

where M is the Mach number, V is the resultant speed, and s is the
distancealonga streamline, P³ is essentiallynegligibleat extremely
low Mach numbers.

The ¯8 term had originally an Ä2 in the denominator in Ref. 3.
The term was replacedby s2 D Qsi j Qsi j in Refs. 6 and 7. In the present
work, the denominator is taken as s2 C Ä2=2. This adjustment re-
moves potential dif� culties in � ows characterized by rigid-body
rotation and in regions where the � ow may be irrotational. Finally,
the value of ¯7 reported in Ref. 3 is in error; it should be 1.5.

A summary of the modeled equations is given in the Appendix,
and the model constants are given in Table 1.

Table 1 k–³ Model
closure coef� cients

Constant Value

c¹ 0.09
· 0.40
®3 0.35
¯4 0.42
¯5 2.37
¯6 0.10
¯7 1.50
¯8 2.3
¾r 0.07
¾p 0.13
¾½ 91.90
1=¾k 1.80
1=¾³ 1.46
± 0.10
C1 0.60
Ck 2.00
C³ 1 2.10
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Boundary Conditions
The boundary conditions for the two-equation model are

kw D 0; k1 D 3
2 .T uU1/2 .15/

and
³

@k
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´

w

D 0 .16/

where T u is the turbulent intensity, n is the direction of the nor-
mal to the surface, and subscripts w and 1 designate the wall and
freestream, respectfully. Here, ³1 is determined from specifying
.ºt=º/1 (less than 10¡2 ) and k1 , and ³w is determined from Eq.
(16) and the modeled k equation as
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with

1n1 D n1 ¡ nw; 1n2 D n2 ¡ n1

Conservation Equations
The conservationequations used in conjunctionwith the preced-

ing model are given by Eqs. (5.43–5.45) of Ref. 1. After modeling,
these equations can be written as
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where the Favre-averaged total energy and enthalpy are

QE D Qe C 1
2

Qu i Qu i C k (21)

QH D Qh C 1
2

Qu i Qu i C k (22)

and e and h are the internal energy and enthalpy per unit mass and
Pr is the Prandtl number with subscript t designating turbulent;Prt

is chosen as 0.9.

Numerical Issues
We have used the k–³ model for calculating a wide range of

problems. The following represents some suggestions for smooth
implementation in Navier–Stokes solvers. The codes used in this
work employ Runge–Kutta time-stepping schemes. Typically, the
code is run for about 100 iterations in the laminar mode. To speed
up transition to turbulence,± may be set to zero for several hundred
iterations and then reset to its value of 0.1.

Two terms resulted in numerical oscillations in the transient
phase. The � rst is the term that results from the skew-symmetric
component of the second-order tensor !00

i u 00
j , which is given in term

of the derivatives of the turbulent stresses. When convergence is
achieved, this term is very small compared to the symmetric part
of the tensor and, thus, if desired, can be neglected. The second is
the coef� cient of ¯8 . Here again, if one sets ¯8 D 0 for a couple of
hundred iterations and then resets it to its value of 2.3, oscillations
resulting from this term during the transientphaseof integrationcan
be reduced or completely eliminated.

The modelacts likek–" for high turbulentReynoldsnumbersand,
thus, does not have any sensitivity to freestream boundary condi-
tions. In general,k1 is speci� ed from conditionsof the experiment.
Values of .ºt=º/1 ranging from 10¡1 to 10¡6 were employed in the
present work without affecting the solution.

Results and Discussion
All cases considered involve � ows where separation plays an

important role and where Morkovin’s assumption is expected to
hold. Other calculationsare available in Refs. 4–7.

Two-Dimensional Flows
Results are presented here for three different airfoils: RAE

2882, NACA 0012, and NACA 4412. Comparisons were made
with the k–! model, the Johnson and King (JK) model (results
taken from Ref. 9), and experiment. The k–! model is an option
in our code and was selected because it is coordinate indepen-
dent and because it generally performs better than available k–"
models for wall-bounded � ows in the presence of mild adverse
pressure gradients.1 It is to be noted that Menter’s10 shear stress
model performs extremely well when two-dimensional separated
� ows are considered. However, the model is coordinate depen-
dent; moreover, it modi� es the de� nition of eddy viscosity and
production terms. Because of this, the model is not an option in
our code and, thus, no direct comparison with Mentor’s model is
presented.

A summary of all two-dimensionalcasesconsideredtogetherwith
grids employed is shown in Table 2. Grid studies were conducted
but are not included here except, as an illustration, calculations of
the RAE 2822 employed the following grids: 321£ 91, 231 £ 51,
and 143 £ 41. The � rst two grids gave almost identical results.
Similar tests were conducted for the other airfoils. The grids in-
dicated in Table 2 give grid-independentsolutions.All calculations
set the outer boundary at a distance of about 10 chords. It has been
determined from the grid analysis that the k–³ model requires a
minimum of approximately � ve points within yC · 10 and an ini-
tial yC < 1. Transition to turbulence was preset in all calculations
presented here.

The Navier–Stokes solver employed is a modi� cation of a solver
developed by Gaffney et al.11 It solves the two-dimensional, time-
dependent, thin-layer,Reynolds-averagedNavier–Stokes equations
with a � nite volume formulation. It employs the third-order,biased,
� ux difference splitting of Roe for the inviscid terms and central
differencing for the viscous terms. It is advanced in time using a
four-stage Runge–Kutta scheme.

Figures 1 and 2 compare pressurecoef� cientC p and skin friction
coef� cient based on edge conditions, C f e , for case 10 of the RAE
2822. Experimental results are given by Cook et al.12 No de� nitive
angle of attack or Mach number corrections to account for wall
interferenceeffectsweregiven.As a result, � ow conditionsassumed
for this case were those adopted by Rumsey and Vatsa.13 For this
case, shock-induced separation is indicated. Both the present and
JK models do a good job predicting pressure distribution and skin
friction. The delayed and milder separation indicated by the k–!
model is representativeof traditional two-equation models and is a
result of the high eddy viscosity predicted by such models.

The next set of experiments involves the NACA 0012 airfoil for
two sets of freestream conditions. Unfortunately, skin-frictiondata
are not available. Therefore, comparisons are limited to pressure
data taken from Ref. 14. Figure 3 shows results for an angle of
attack ® of 8.34 deg and a freestream Mach number M1 D 0:55.
As is seen from Fig. 3, all models predict pressuredistributionwell.
Figure4 comparespredictionswith experimentfor® D 2:26degand
M1 D 0:799. In this case, both the present and the JK models give
good agreement with experiment, whereas the k–! model indicates
delayed transition.

The � nal case considered is the NACA 4412, and the data are
taken from Ref. 15. For this case M1 D 0:2 and ® D 13:87 deg, and
separation is a result of large-pressure gradient. No skin-friction

Table 2 Airfoil cases considered

Angle of attack,
Airfoil Mach number Re deg Grid

RAE 2822 (case 10) 0.75 6:2 £ 106 2.72 231 £ 61
NACA 0012 0.55 9:0 £ 106 8.34 287 £ 71
NACA 0012 0.80 9:0 £ 106 2.26 237 £ 51
NACA 4412 0.20 1:5 £ 106 13.87 237 £ 91



1828 ROBINSON AND HASSAN

Fig. 1 RAE 2822 (case 10) pressure coef� cient.

Fig. 2 RAE 2822 (case 10) skin-friction coef� cient.

Fig. 3 NACA 0012 pressure coef� cient: M 1 = 0:55 and ® = 8:34 deg.
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Fig. 4 NACA 0012 pressure coef� cient: M 1 = 0:799 and ® = 2:26 deg.

Fig. 5 NACA 4412 pressure coef� cient.

data are available. However, Coles and Wadcock15 indicate that
separation took place between x=c D 0:75–0:80, suggesting that
the � ow was not steady. Figure 5 shows that both the present
and the k–! models predict the pressure distribution quite well.
Skin-friction calculations in Fig. 6 show that the k–³ model pre-
dicts separation at x=c D 0:81, in good agreement with experiment,
whereas k–! predicts delayed and milder separation.Figure 7 com-
pares the mean velocity pro� les for a variety of x=c locations.
Again, predictions of the current theory are more consistent with
experiment.

Three-Dimensional Flows
The three-dimensional � ow considered is that over a cylin-

der/offset � are juncture shown in Fig. 8. It consists of a sting-
supported cylinder forming a juncture with a conical � are whose
half angle is 20 deg. Details of the geometry are shown in Fig. 9.

The primary reasons for selecting this con� guration are the
steady � ow and the availabilityof surface pressureand skin-friction
measurements.16 Moreover, the skin-friction measurement was es-
sentially nonintrusive. Both the pressure distribution and skin fric-

tion were provided at three differentplanes: µ D 0; 90, and 180 deg.
The angle µ is measured with respect to the cylinder axis with µ D 0
and 180 deg, referring to the upper and lower symmetry planes. The
wall is assumed to be adiabatic with an adiabatic wall temperature
of 262 K. The incoming Mach number is 2.89, and the angle of
attack is zero.

The experiment was a subject of detailed investigation by
Gaitonde et al.17 and Edwards and Chandra18 using a variety of
one- and two-equation models. Following the approach employed
in Refs. 17 and 18, the problem was split into two problems: an
axisymmetric problem over the cylinder, followed by a three-
dimensional problem over the cylinder/� are juncture. The starting
pro� le for the three-dimensional calculations was selected at the
point where cylinder calculations matched measured pressure dis-
tributionover total pressure P=Pt , skin friction, and boundary-layer
thickness. The initial pro� le was placed at about 10 cm from the
juncture.This correspondsto about 10 initial boundary-layerthick-
nesses ± ¼ 1:1 cm. Based on the experience of Refs. 17 and 18,
a grid consisting of 87 £ 99 £ 99 points was employed. The grid
generator was the one used in Refs. 17 and 18. The code employed
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Fig. 6 NACA 4412 skin-friction coef� cient.

Fig. 7 NACA 4412 velocity pro� les.

Fig. 8 Geometry of cylinder/offset-� are juncture.

is an adaptation of the code developed by Baurle et al.19 It is a
central difference code with scaler damping. Time stepping is
achieved by employing a four-stage Runge–Kutta scheme. Initial
yC is 0.3. Regarding boundary conditions, extrapolation was em-
ployed at the outer boundary, a no slip at the adiabatic wall, and
symmetry at the upper and lower symmetry planes.

Comparisons are made with experiment and the k–" results of
Ref. 17 provided by Gaitonde. For clarity of presentation,compari-
son is limited to thek–" modelbecauseit gavebestoverallagreement
with experiment. Figures 10–12 show the pressure ratio for µ D 0-,
90-, and 180-deg planes, respectively.The pressure ratio is equal to

Fig. 9 Schematic of three-dimensional � are.

the surface pressureover the freestreamstagnationpressure.For the
µ D 0-deg plane, both models accurately predict the initial pressure
rise upstreamof the juncture.This indicatesthat, for this plane,both
models are accuratelypredictingthe extent of the separationbubble.
Downstream of the juncture, the k–³ model shows a pressure rise
that is in closer agreement with the experimental data. However,
both models predict asymptotic pressure region accurately. For the
µ D 90-deg plane, both models again do a good job of predictingthe
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Fig. 10 Streamwise pressure coef� cient: µ = 0 deg.

Fig. 11 Streamwise pressure coef� cient: µ = 90 deg.

Fig. 12 Streamwise pressure coef� cient: µ = 180 deg.
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Fig. 13 Skin-friction coef� cient: µ = 0 deg.

Fig. 14 Skin-friction coef� cient: µ = 90 deg.

Fig. 15 Skin-friction coef� cient: µ = 180 deg.
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initial pressure rise aft of the juncture, and both models then over-
predictpressureratio, but they both return to acceptablelevels in the
downstream region. The results for µ D 180 deg show that the k–³
model does a slightly better job of predicting the pressure ratio up-
stream of the juncture.Aft of the juncture, it shows a slightlyhigher
peak; however, it returns to an acceptable level in the downstream
region. It is observed from Figs. 10–12 that upstream in� uence is
minimum at the µ D 0-deg plane, where low cross velocities exist.
It increases until the µ D 90-deg plane is reached, at which point the
upstream in� uence is maximum. This value then remains relatively
constant until the bottom symmetry plane is reached.

Figures 13–15 show the skin-friction coef� cient C f (made di-
mensionless using freestream properties) for the µ D 0-, 90-, and
180-degplanes, respectively.For theµ D 0-degplane, the k–³ model
does a better job predictingC f downstreamof the juncture.The k–"
model overpredicts the asymptotic value for the skin friction. The
C f for the µ D 90-deg plane show that both models mimic each
other closely and signi� cantly overpredict the skin-friction data in
the downstream region. Discussions with James Brown, one of the
authors of Ref. 16, indicated that the data for the µ D 90 deg are in
error on the � are region downstream of the junction, i.e., point J
in Fig. 14. Therefore, a meaningful discussion of the performance
of the model for this particular case is not possible. It should be
noted that, although the skin-friction data for the region indicated
are in error, the pressure data for the µ D 90-deg plane is accu-
rate (private communication,James Brown, NASA Ames Research
Center, 1997). Figure 15 shows the skin-frictioncomparisonfor the
µ D 180-deg plane. The k–³ model slightly overpredicts the sepa-
rated region; however, it does an excellent job downstream of the
juncture.

As may be seen from the results, the three-dimensional version
of the k–³ model narrows the gap between theory and experiment
especiallywhen predictinggradientquantities such as skin friction.
The accurate skin-friction measurements of Ref. 16 can be con-
� rmed by other means for attached � ows. The same cannot be said
for separated regions (private communication, James Brown). Be-
cause of this, it is dif� cult to assess discrepancies between theory
and experiment in such regions.

Concluding Remarks
The present investigation completes the formulation of a two-

equation k–³ model that is tensorially consistent,Galilean, and co-
ordinate invariant, as well as free of wall and damping functions. It
is shown that the model predicts two- and three-dimensional � ow
rather well. This work further indicates that it is possible to develop
a two-equation turbulence model that is capable of predicting two-
and three-dimensional separated � ows without sacri� cing perfor-
mance for free shear � ows. The key to this success is the inclusion
in the ³ equation of the � ne-structurecorrelations that play a major
role near turbulent/nonturbulent interfaces.

Appendix: Modeled Equations
The � nal form of the modeled k–³ equations can be written as
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where P³ is de� ned in Eq. (14).
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